Abstract. Let E be an infinite closed set in the Riemann sphere, and let T (E) denote its Teichmüller space. In this paper, we study some metric properties of T (E). We prove Earle's form of Teichmüller contraction for T (E), holomorphic isometries from the open unit disk into T (E), extend Earle's form of Schwarz's lemma for classical Teichmüller spaces to T (E), and finally study complex geodesics and unique extremality for T (E).
Introduction
Let C denote the complex plane, ∆ := {z ∈ C : |z| < 1} denote the open unit disk and C = C ∪ {∞} denote the Riemann sphere. Throughout this paper, we will assume that E is a closed set in C and that 0, 1, and ∞ belong to E. The Teichmüller space of E, denoted by T (E), was first studied by Lieb in his 1990 Cornell University dissertation [14] , written under the direction of Earle. It has several applications in holomorphic motions, geometric function theory, and holomorphic families of Möbius groups; see the papers [7, 12, 15, 18] . In this paper, we study some metric properties of T (E). Our paper is arranged as follows. In §1, we give the relevant definitions and also state various properties of T (E) that will be necessary in our paper. In §2, we state the main theorems of our paper and also the motivations for these results. In § §3-6, we give the proofs of our main theorems.
Teichmüller space of a closed set in C
We call a homeomorphism of C normalized if it fixes the points 0, 1, and ∞. Let M(C) denote the open unit ball of the complex Banach space L ∞ (C). For each µ in M(C), there exists a unique normalized quasiconformal homeomorphism of C onto itself that has Beltrami coefficient µ, denoted by w µ .
Definition 1.1. The normalized quasiconformal self-mappings f and g of C are said to be E-equivalent if and only if f −1 • g is isotopic to the identity rel E. The Teichmüller space T (E) is the set of all E-equivalence classes of normalized quasiconformal self-mappings of C. The basepoint of T (E) is the E-equivalence class of the identity map.
We define the projection
We defined a natural isomorphism mapping the tangent space to T (E) at its basepoint onto a Banach space A(E) * . That isomorphism is an isometry with respect to the infinitesimal Teichmüller metric on the tangent space and the usual norm on A(E) * . Throughout this paper we will denote this infinitesimal Teichmüller norm by ℓ µ ; so ℓ µ is the norm of the linear functional
Henceforth, we will denote this by
It is clear that
The following proposition is obvious. Proposition 1.12. If E is a subset of E and p E,E :
for all s and t in T ( E).
When E is finite. Let E be a finite set (as usual, 0, 1, and ∞ belong to E). Its complement E c = Ω is the Riemann sphere with punctures at the points of E. Since T (E) and the classical Teichmüller space T eich(Ω) are quotients of M(C) by the same equivalence relation, T (E) can be naturally identified with T eich(Ω). It is given in Example 3.1 in [15] . For the reader's convenience, we include this discussion. Let θ : T (E) → T eich(Ω) be the map defined by setting θ(P E (µ)) equal to the Teichmüller class of the restriction of w µ to Ω (where, as usual, µ is in M(C)). It is clear that θ is a well-defined map of T (E) into T eich(Ω). We claim that θ is injective. For, suppose that the restrictions of w µ and w ν to Ω are in the same Teichmüller class. Then, there is a conformal map h of w
µ is isotopic to the identity rel E. This map h is the identity, for it is obviously a Möbius transformation and it fixes 0, 1, and ∞ because w µ and w ν are normalized. Therefore, w µ and w ν are E-equivalent, and so θ is injective. Also, θ is surjective, since the restriction map µ → µ|Ω from M(C) to M(Ω) is bijective and θ(P E (µ)) = Φ(µ|Ω) for all µ in M(C), where Φ : M(Ω) → T eich(Ω) is the standard projection. This also shows that θ is biholomorphic, since P E and Φ induce the complex structures of T (E) and T eich(Ω). Under this indentification d T (E) becomes the (classical) Teichmüller metric for T eich(Ω). Furthermore, the norm of ℓ µ is simply the norm of the linear functional that µ induces on the Banach space of integrable holomorphic functions on Ω. For standard facts on classical Teichmüller spaces, the reader is refereed to the books [9, 11, 19] .
We need the following form of Teichmüller contraction for T (E) when E is a finite set. (Recall that when E is finite, T (E) is naturally identified with the classical Teichmüller space T eich( C \ E). ) Theorem 1.13. Let µ ∈ M(C), and P E (µ) = τ in T (E). Let µ 0 be an extremal in P E (µ).
Remark 1.14. Earle proved this result for T eich(X) where X is any hyperbolic Riemann surface. He used the Reich-Strebel inequalities to obtain his result. We need the special case when X = C \ E and E = {0, 1, ∞, ζ 1 , · · ·, ζ n }, n ≥ 1.
Approximations by finite subsets. Let E be infinite and let E 1 , E 2 , ···, E n , ··· be a sequence of finite subsets of E such that {0, 1, ∞} ⊂ E 1 ⊂ E 2 ⊂ · · · ⊂ E n ⊂ · · · and ∞ n=1 E n is dense in E. Let 0 be the basepoint of T (E), and for each n ≥ 1, let π n be the forgetful map p E,En from T (E) to T (E n ). For any τ in T (E) and n ≥ 1 let τ n = π n (τ ). In particular, 0 n = π n (0) is the basepoint of T (E n ) for all n ≥ 1. By Proposition 1.12, we have
for all τ in T (E) and n ≥ 1.
The following two facts will be important in our paper. For proofs, see [15] and [16] .
Proposition 1.16. Let the infinite closed set E and the finite subsets E n , n ≥ 1, be as above, and let µ belong to L ∞ (C). The sequence { ℓ µ T (En) } is increasing and converges to ℓ µ T (E) .
We will also need the following theorem. This appears in Earle's paper [5] . Theorem 1.17. Let V be a complex Banach space and g : ∆ → V be a holomorphic map with g(0) = 0 and g(t) ≤ 1, ∀t ∈ ∆. Fix t ∈ ∆ \ {0}. If either of the inequalities g ′ (0) ≤ 1 or g(t) ≤ |t| is strict, then both are strict and
Statements of the main results
For classical Teichmüller spaces, the principle of Teichmüller contraction was proved in [8] . A sharp form of Teichmüller contraction was proved by Earle in [5] . Gardiner's result was extended to the generalized Teichmüller space T (E) in [16] , which proved a δ − ǫ form of Teichmüller contraction. Our first result extends Earle's form of Teichmüller contraction to T (E); this sharpens and improves the δ − ǫ inequalities in [16] .
Our next result is on holomorphic isometries from ∆ into T (E). This extends Theorem 5 in [6] to T (E).
Theorem II. Let f : ∆ → T (E) be holomorphic and let t 1 ∈ ∆. Suppose either that
In [5] , Earle proved a form of Schwarz's lemma for classical Teichmüller spaces. Our next result extends that theorem to T (E). Let f : ∆ → T (E) be a basepoint preserving holomorphic map and set
, and µ is extremal .
Theorem III. Let f : ∆ → T (E) be a basepoint preserving holomorphic map. Fix any t in ∆ \ {0}. If either of the inequalities f ′ (0) T (E) ≤ 1 or k 0 (t) ≤ |t| is strict, then both are strict and
Our final theorem is on complex geodesics and unique extremality in T (E). It extends Theorem 6 in [6] to T (E). We first need two definitions.
The points f (0) and f (1) are called the endpoints of J. We say that the geodesic segment J joins the points τ 1 and τ 2 in T (E) if they are the endpoints of J.
It is obvious that every "uniquely extremal" µ is extremal.
Theorem IV. Let µ 0 ∈ M(C), µ 0 = 0 and µ 0 be extremal in its E-equivalence class. Then the following four statements are equivalent:
(1) The Beltrami coefficient µ 0 is uniquely extremal and |µ 0 | = µ 0 ∞ a.e.
(2) There exists only one geodesic segment joining P E (0) and P E (µ 0 ). (3) There exists only one holomorphic isometry f :
Remark 2.3. Recall from §1 that when E is finite, T (E) is naturally identified with the classical Teichmüller space T eich( C \ E), and so, T (E) is finite-dimensional.
In that case all the above theorems are well-known; see [5] , §7 and §8 in [6] , and also §9.3 and §9.5 in [13] . Therefore, for the rest of our paper, the blanket assumption will be that E is an infinite closed set and that 0, 1, and ∞ belong to E.
Proof of Theorem I
Let τ ∈ T (E), P E (µ = τ , and µ 0 be extremal in the E-equivalence class of µ. So we have P E (µ) = P E (µ 0 ) and
We follow the construction given immediately after Theorem 1.13 (in §1). Let τ n = π n (τ ), and let µ 0 (n) be extremal in its E n -equivalence class. Let k 0 (n) = µ 0 (n) ∞ and let
Since T (E n ) is identified with the classical Teichmüller space T eich( C \ E n ), by Theorem 1.13, the following is true for all n:
Since µ 0 (n) is extremal in its E n -equivalence class, we have d T (En) (0 n , τ n ) = µ 0 (n) ∞ = k 0 (n). Also, since µ 0 is extremal in its E-equivalence class, we have d T (E) (0, τ ) = µ 0 ∞ = k 0 . By Propositions 1.14 and 1.15, we have
Taking limits in Equation (3.1), we obtain (3.2)
The following two corollaries will be very useful in our paper.
Corollary 3.1. (Hamilton-Krushkal-Reich-Strebel extremality condition for T (E)) A Beltrami coefficient µ is extremal in its E-equivalence class if and only if it is infinitesimally extremal in its E-equivalence class.
The proof is obvious.
We follow the same notations as in Theorem I. Let P E (µ)
The proof is straightforward. See, for example, the proof of Corollary 1 in [5] .
By Proposition 1.4, we can assume, without loss of generality that t 1 = 0 and that f (0) = 0. We use the same notation 0 for the basepoints in ∆, M(C), and T (E). By Proposition 1.6, there exists a holomorphic map f : ∆ → M(C) such that f (0) = 0 and
Let us assume there is t 2 ∈ ∆ \ {0} such that d T (E) (0, f (t 2 )) = ρ ∆ (0, t 2 ). We have
is holomorphic and f (0) = 0. From the above inequality, we get
Hence f (t 2 ) is extremal and
We also have g(0) = 0 since f (0) = 0 and ℓ 0 = 0. So we can apply Schwarz's Lemma to both g and f , and since f (t 2 ) is extremal, it will be infinitesimally extremal by Corollary 3.1. Hence we have
This is the case of equality in Schwarz's lemma, and hence we get
From the definition of L we see that L(µ) = 0 if and only if P ′ E (0)µ = 0. Using chain rule we obtain
Hence we get
Since we assumed t 1 = 0 and f (0) = 0, we obtain
This proves 1 ⇒ 2. Now let us assume 2, that is there is a t 1 ∈ ∆ such that
Again without loss of generality we assume t 1 = 0 and f (0) = 0. With our assumption we thus have f : ∆ → T (E) is a holomorphic map, and f (0) = 0 and
Consider the holomorphic map f : ∆ → M(C) such that f (0) = 0 and P E • f = f. Using Schwarz's lemma as before we observe that
This implies that f
. This is the case of equality in Schwarz's lemma, and hence we get
So for all t in ∆, f (t) is extremal and f (t) ∞ = |t|. We see that for all t in ∆ the following is true because of extremality and the last equation:
Since t 1 = 0 and f (0) = 0 we get d T (E) (f (0), f (t)) = ρ ∆ (0, t), and so,
for all t in ∆. So 2 ⇒ 1 trivially, and actually does imply something stronger.
Finally, we will show that for all t, t
we have nothing to prove, so let us assume t 1 = t ′ . We have already seen that any t ∈ ∆ could have been chosen as t 1 and hence we can simply assume t = t 1 and we thus get
which proves that f is a holomorphic isometry.
We note the following corollary, whose proof is obvious.
Corollary 4.1. Let f : ∆ → T (E) be a holomorphic map with f (0) = P E (0). Let t ∈ ∆ \ {0}. Define k 0 (t) = ν ∞ where f (t) = P E (ν) and ν is extremal in its Eequivalence class. We also know that f
Proof of Theorem III
Let f : ∆ → T (E) be a baepoint preserving holomorphic map; by Proposition 1.6, there exists a holomorphic map f : ∆ → M(C), such that f (0) = 0 and f = P E • f . Let V 0 be the Banach space of all tangent vectors at the basepoint of T (E). We also know that P E ′ (0) takes the tangent vectors ν in the tangent space at the basepoint of M(C) (which is L ∞ (C)) to the functional ℓ ν . So
since L is linear. Let t ∈ ∆ \ {0} be fixed and one of the following inequalities f ′ (0) ≤ 1 and k 0 (t) ≤ |t| be strict, then both are strict by Corollary 4.1. So we get
and so by Theorem 1.16 we get g(t) < |t| and hence ℓ f (t) < |t| or ℓ f (t) T (E) < |t|.
By the same theorem we also get
If ℓ f (t) T (E) = f (t) ∞ , then by Corollary 3.1, f (t) is extremal and k 0 (t) = ℓ f (t) T (E) and so by (5.1) we get
So for µ = f (t), k = r|t| and k 0 (t) = k 0 , we have
Let us consider the map α : ∆ → ∆ given by α(z) = rz; then α is holomorphic and
Then, a, b ∈ ∆ and by Schwarz's lemma we get ρ ∆ (ar, br) ≤ ρ ∆ (a, b). This gives
We also have
Combining (5.4), (5.5), and (5.6), we get
Combining (5.1) and (5.7), and using the triangle inequality, we obtain
Proof of Theorem IV
Step 1. (2) implies (3). Let f 1 and f 2 be two holomorphic isometries from ∆ into T (E), such that f 1 (0) = f 2 (0) = P E (0) and f 1 ( µ 0 ∞ ) = f 2 ( µ 0 ∞ ) = P E (µ 0 ). By (2) there is only one geodesic segment joining 0 and P E ( µ 0 ∞ ). Therefore, the image of the line segment [0, µ 0 ∞ ] is pointwise the same under both f 1 and f 2 . This implies that the holomorphic mapping f 1 − f 2 is identically zero on the line segment [0, µ 0 ∞ ], and so f 1 − f 2 is identically zero on ∆.
Step 2. (1) implies (4) . Let µ 0 be extremal and |µ 0 | = µ 0 ∞ a.e. Let g : ∆ → M(C) be a holomorphic map with g(0) = 0 and
, with |f (z)| = 1 a.e. Let h be another function in M(C) such that h(z) = 0 in C \ Z h where Z h = {z ∈ C : h(z) = 0} and m(Z h ) = 0, where m denotes the usual Lebesgue measure. Let E f = {z ∈ C : |f (z)| = 1}. By our assumption,
and l(z) = φ(z) − θ(z). Also, t = |t|e iψ . Then we have
If f t ∈ M(C), then m(H t ) = 0, and if z ∈ C \ H t , then
Consider the functions f 1 ,
By our assumption, m(G) = 0 and if z ∈ C \ G, then h(z) = 0, and
This is not possible. Therefore, at least one of the following functions
. Since |µ 0 | = µ 0 ∞ a.e. we have |λ| = 1 a.e. Therefore λ is a complex extreme point for M(C). Now define h : ∆ → M(C) as,
Then h is holomorphic and h( µ 0 ∞ ) = λ. By the strong maximum modulus principle (see Proposition 6.19 in [4] ) we have h(t) = λ. This implies
Since µ 0 is uniquely extremal, g is uniquely determined, and we are done.
Step 3. (4) implies (3). Let f : ∆ → T (E) be a holomorphic isometry such that f (0) = P E (0) and f ( µ 0 ∞ ) = P E (µ 0 ). Consider the holomorphic map f : ∆ → M(C) such that f (0) = 0 and P E • f = f . Then P E ( f ( µ 0 ∞ )) = P E (µ 0 ). By the uniqueness condition in (4), we have
This implies
So f is uniquely determined.
Step 4. (3) implies (1). We first show that if (3) holds, then |µ 0 | = µ 0 ∞ a.e. Let r ∈ (0, 1) and Z r = {z ∈ C : |µ 0 (z)| < r µ 0 ∞ } we need to show that m(Z r ) = 0. Let χ r be the characteristic function of Z r . Let φ ∈ A(E), where A(E) is the closed subspace of L 1 (C) consisting of maps holomorphic in E c . Define functions f 1 : ∆ → T (E) and f r : ∆ → T (E) by
These maps are holomorphic and we also have f 1 (0) = f r (0) = 0 and
So, by (3) they coincide and we obtain
This shows that m(Z r ) = 0 since φ is an arbitrary function in A(E). Let Z = r∈Q∩(0,1) Z r , then m(Z) = 0. This shows that |µ 0 | = µ 0 ∞ a.e. For any (normalized) quasiconformal homeomorphism h of C, we define its Beltrami coefficient as
If h and j are two quasiconformal homeomorphisms, we have the composition formula
, then by w ν we mean the unique normalized quasiconformal homeomorphism with Beltrami coefficient ν a.e.
Let ν ∈ M(C) such that ν ∞ ≤ µ 0 ∞ and P E (ν) = P E (µ 0 ). Since µ 0 is extremal, it follows that ν is also extremal and ν ∞ = µ 0 ∞ . Hence f (t) = P E tν ν ∞ is a holomorphic isometry. So, by (3) we obtain
Since ν is extremal, by (3) we obtain |ν| = ν ∞ = µ 0 ∞ a.e. Also, P E (sν) = P E (sµ 0 ), for any s in (0, 1 This implies P E (λ) = P E (µ 0 ). Now let h = w µ 0 • (w sµ 0 ) −1 and j = w sµ 0 such that h • j = w µ 0 . By the formula for composition of quasiconformal mappings, we get
We know that |µ 0 | = µ 0 ∞ a.e. Let µ 0 ∞ = k and sk = k ′ . We get
Since j is quasiconformal and therefore absolutely continuous, it follows that |µ h | = k ′′ a.e. Now let us consider h = w µ 0 • (w sµ 0 ) −1 and j = w sν so that h • j = w λ . By similar calculations we obtain λ = sν + (µ h • j)α j 1 + sν(µ h • j)α j .
Since |sν| = k ′ a.e. and |µ h • j| = k ′′ a.e. and |α j | = 1 we write sν = k ′ e iθ a.e. and (µ h • j)α j = k ′′ e iφ a.e. Hence
where l = φ − θ. Therefore, |λ| = | k ′ +k ′′ e il 1+k ′ k ′′ e il |. Next, note that
The last inequality is true since k ′ < 1, k ′′ < 1 and cos l ≤ 1. So we get
Since P E (µ 0 ) = P E (λ) and µ 0 is extremal, it follows that λ is extremal. Hence |λ| = k a.e. This implies
